Introduction
The classical Grunwald-Wang theorem is an example of a local-global (or Hasse) principle stating that except in some special cases which are precisely determined, an element m in a number field K is an a-th power in K if and only if it is an a-th power in the completion K ℘ of K for all but finitely many primes ℘ of K. In more concrete terms, the equation x a = m has a solution x K in K if and only if it has a solution x ℘ in the completion K ℘ for all but finitely many primes ℘ of K. The aim of this article is to prove a Carlitz module analogue of the Grunwald-Wang theorem.
Throughout the paper, let A = F q [T ], k = F q (T ), where q is a power of a prime p, and let k alg be the algebraic closure of k. Let τ be the map defined by τ (x) = x q . Let k τ denote the twisted polynomial ring equipped with twisted multiplication, namely, τ a = a q τ for all a ∈ k. Let C be the Carlitz module, i.e., C : A → k τ be an F q -algebra homomorphism such that C T = T + τ . Note that for every commutative k-algebra D, the action of j a i τ j ∈ k τ on an element d ∈ D is defined by
A special case of an analogue of the Grunwald-Wang theorem for function fields was proved by G.-J. van der Heiden [11] . We now describe the result of van der Heiden. Let X be a projective, smooth, geometrically irreducible curve over the finite field F q , and let ∞ be a fixed closed point on X . Let F q (X ) be the function field of X , and let O Fq(X ) be the ring of functions in F q (X ) that are regular outside ∞. Let K be a finite separable extension of F q (X ), and let ι : O Fq(X ) → K be the natural embedding of O Fq(X ) into K. Let DR : O Fq(X ) → K τ be a Drinfeld module over K of rank 1, that is, DR is an F q -algebra homomorphism such that for all f ∈ O Fq(X ) , we have
where the f i are elements in K with f deg(f ) ∈ K × and f 0 = ι(f ). In [11] , Van der Heiden proved the following result.
Theorem 1.1. (van der Heiden, [11, Proposition 5])
Let P be a prime element of O Fq(X ) , and let m be an element in K. Then the equation DR P (x) = m has a solution x K in K if and only if it has a solution x ℘ in the completion K ℘ for every place ℘ of K.
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Since P is a prime element of O Fq(X ) and the equation DR P (x) = m in Theorem 1.1 is considered over the field of definition of DR, namely K, we see that Theorem 1.1 might be viewed as analogous to the following special case of the classical Grunwald-Wang theorem: the equation x p = m with prime p in Z and m ∈ Q has a solution x Q in Q if and only if it has a solution x l in the l-adic field Q l for every prime l.
To better understand the analogies between Theorem 1.1 and the above statement, one can consider the case when X = P 1 /F q . Thus K = k, O Fq(X ) = A, and the Drinfeld module DR is the Carlitz module C that was introduced earlier. There are well-known analogies [1] [2] [3] [9] [10] between the map x → x a with a ∈ Z and the map x → C a (x) with a ∈ A; for example, adjoining torsion points of the Carlitz module to the field k generates cyclotomic function fields in a similar manner as cyclotomic extensions of Q obtained by adjoining roots of unity to Q. Hence Theorem 1.1 can be regarded as a special case of the classical Grunwald-Wang theorem.
In the hope of obtaining the best possible analogy with the classical Grunwald-Wang theorem, we will have to be content with working with the Carlitz module over k because, among other reasons, the ring O Fq(X ) might have non-principal ideals and the analogies between (A, k) and (Z, Q) are stronger. It is natural to search for a generalization of Theorem 1.1 that might be viewed as the full Grunwald-Wang theorem in the function field setting. Question 1.2. Let K be a finite separable extension of k. Let a be an element in A of positive degree, and let m be an element of K. Consider the equation
If C a (x) = m has a solution x ℘ in the completion K ℘ for all but finitely many primes ℘ of K, is it true that the equation C a (x) = m has a solution x K in K?
An affirmative answer to Question 1.2 should give rise to a result that is analogous to the classical Grunwald-Wang theorem in the number field case, and is a generalization of the result of van der Heiden in the Carlitz module setting. Indeed, in contrast to Theorem 1.1, although the field of definition of the Carlitz module is k, we consider the equation C a (x) = m over any finite separable extension of k. Furthermore a can be any element in A of positive degree, and we only require that the equation C a (x) = m is locally solvable at all but finitely many primes of K. In comparison with the number field case, the classical Grunwald-Wang theorem considers global solvability of the equation x a = m over a number field although the power map x a with a ∈ Z is defined over Q. Let Λ a ⊂ k alg be the cyclic A-module defined by Λ a = λ ∈ k alg | C a (x) = 0 . The following theorem is a summary of the main results in this paper. Theorem 1.3. Question 1.2 has an affirmative answer in the following cases:
(i) K contains a primitive generator of the cyclic A-module Λ a .
(ii) K is a Galois extension of k such that every prime P dividing a is unramified in K.
Part (i) of Theorem 1.3 is the content of Corollary 2.8, and part (ii) is the content of Theorem 3.1. Note that Theorem 3.1 and Corollary 2.8 actually are more general than Theorem 1.3. More precisely, in the statements of Theorem 3.1 and Corollary 2.8, instead of assuming local solvability of the equation C a (x) = m at almost all primes in K, we only assume that C a (x) = m has a solution x ℘ in the completion K ℘ for all primes ℘ in a set of primes of K of Dirichlet density greater than 1 − 1/φ(a)q deg(a) . Here φ(a) is the function field analogue of the Euler φ-function.
Let us say a few words about the ideas of the proof of Theorem 1.3. In [7] , T. Ono and T. Terasoma attempted to give a different proof of a special case of the classical Grunwald-Wang theorem. Unfortunately the statement of a special case of the Grunwald-Wang theorem as well as its attempted proof given in [7] were erroneous as pointed out by T. Ono [8] . Despite the errors in [7] , the underlying ideas in that paper can be modified to apply to the function field setting. We will carry out such modifications in the proof of Theorem 1.3 whose main ingredients are the use of Tchebotarev density theorem and basic facts in class field theory over function fields. Thus the ideas of this paper are completely different from those used in [11] in which G.-J. van der Heiden extensively used Galois cohomology.
2. The splitting field of the polynomial C a (x) − m Let K be a finite, separable extension of k. Let a be an element in A, and let m be an element in K. In this section, we will describe the splitting field of the polynomial C a (x) − m ∈ K[x] over K when the equation C a (x) = m is locally solvable at all primes in a set of primes of K of Dirichlet density greater than 1 − 1/φ(a)q deg(a) . The case that the equation C a (x) = m has a solution x ℘ in K ℘ for almost all primes in K follows immediately as a special case. The following result is very elementary and can be derived from the results in [9, Chapter 12] . For the sake of self-containedness, we also include a proof here.
Lemma 2.1. Let a be a polynomial of positive degree s in A. Let Λ a ⊂ k alg be the A-module defined by
and let λ a be a generator for the cyclic A-module Λ a (see [9, Chapter 12] ). Then
Proof. Part (ii) follows immediately from part (i). We now prove part (i). Let b, c be distinct
Since 
and therefore s ≤ deg(b − c), which is a contradiction. Therefore C b (λ a ) = C c (λ a ).
We now prove the main result in this section.
Theorem 2.2. Let K be a finite, separable extension of k. Let m be an element in K, and let a be a polynomial of positive degree in A. Let L be the splitting field of the polynomial
Let λ a be a generator of the A-module Λ a , where
Assume that the equation C a (x) = m has a solution x ℘ in the completion K ℘ for all but finitely many
By Lemma 2.1, we see that the set of all solutions of the equation C a (x) = m is given by
Since the polynomial C a (x)− m is separable and L is the splitting field of the polynomial
Let Gal(L/K) denote the Galois group of the Galois extension L/K. An element ψ ∈ Gal(L/K) is uniquely determined by its action on λ a and h. Hence to each element ψ ∈ Gal(L/K), we can associate
for each ψ ∈ Gal(L/K). Since C is the Carlitz module, it is not difficult to see that for any elements σ, ψ ∈ Gal(L/K), the action of ψ • σ on λ a and h are given by
× × A/aA are uniquely determined by σ, ψ, respectively in the same way as above. Hence Ψ is an injective homomorphism.
Let Σ be the image of Gal(L/K) under Ψ. Set
We see that Σ is a subgroup of E and E/M ∼ = (A/aA) × . Hence we obtain the embedding
and
By the definition of Ψ, we see that
and it thus follows that
By assumption, we know that there exists a finite set of primes of K, say, P such that C a (x) = m has a solution x ℘ in the completion K ℘ for every prime ℘ of K with ℘ ∈ P.
By the Tchebotarev density theorem (see [9, Theorem 9 .13A]), there exist infinitely many primes ℘ in K such that ℘ is unramified in L and ψ is equal to the Frobenius automorphism (B, L/K) for some prime B in L lying above ℘. Since the set P is finite, one can choose a prime ℘ in K with ℘ ∈ P such that ℘ is unramified in L and ψ = (B, L/K) for some prime B in L lying above ℘.
Let D(B/℘) be the decomposition group of B over ℘. It is well-known [6, Proposition 9.8] that the fixed field of D(B/℘), or equivalently the decomposition field of B over ℘, is L ∩ K ℘ . Since ℘ ∈ P, we know that there exists an element x ℘ in K ℘ such that C a (x ℘ ) = m. Hence x ℘ belongs to S, where S is given by (1) . Thus
On the other hand, we deduce from (8) and (9) that
and thus C u (λ a ) = 0. If u = 0, then we deduce from Lemma 2.1 that C u (λ a ) = C 0 (λ a ), and thus C u (λ a ) = 0, which is a contradiction. Therefore u = 0, and hence
Let I be the subgroup of Gal(L/K) that corresponds to the subfield K(λ a ) of L. In other words, K(λ a ) is the fixed field of I. Take any element σ ∈ I. We know that there exists a unique ordered pair
Since σ belongs to I, we know that C bσ (λ a ) = σ(λ a ) = λ a = C 1 (λ a ), and it thus follows from Lemma 2.1 that b σ = 1. Hence we deduce that
and hence Ψ(σ) ∈ Σ ∩ M. By (10), we deduce that Ψ(σ) = 1 0 0 1 , and thus u σ = 0. Hence σ is the identity map, and therefore I = {id L }. Thus by Galois theory, we deduce that L = K(λ a ), which proves our contention.
Remark 2.3. One of the key ingredients in proving Theorem 2.2 is the use of Tchebotarev density theorem to prove that Σ ∩ M = 1 0 0 1 . For an element ψ ∈ Gal(L/K), if we use the precise formula for the Dirichlet density of all unramified primes p in K such that the set (p, L/K) of all Frobenius automorphisms equals the conjugacy class of ψ in Gal(L/K), then we obtain a stronger result than Theorem 2.2. We will shortly prove a refinement of Theorem 2.2 using the Dirichlet density that leads us to the same conclusion as Theorem 2.2 with less restrictive assumptions.
Let us first recall some basic notions and the precise statement of Tchebotarev density theorem as presented in [9, Chapter 9] . Let L/K be a Galois extension of global function fields. Let P K be the set of all primes in K, and let A be a set of primes of K. If the limit given by
exists, we define the Dirichlet density of A to be the value of the limit given by (11) , and denote it by δ(A). If the limit given by (11) does not exist, we say that A does not have the Dirichlet density.
We now recall the statement of Tchebotarev density theorem.
Theorem 2.4. (see [9, Theorem 9.13A])
Let L/K be a Galois extension of global function fields, and let Gal(L/K) denote the Galois group. Let P un K be the set of primes of K that are unramified in L. Let C ⊂ Gal(L/K) be a conjugacy class in Gal(L/K). Let H be the subset of P un K defined by
where Card(·) denotes the number of elements in a set (·).
We now prove a refinement of Theorem 2.2 in which we only assume that the equation C a (x) = m is locally solvable at all primes ℘ in a set of the Dirichlet density greater than 1 − 1/Card(Gal(L/K)).
Theorem 2.5. We maintain the same notation as in Theorem 2.2. Let H be a set of primes in K such that the Dirichlet density of H satisfies
Assume that the equation C a (x) = m has a solution x ℘ in the completion K ℘ for each prime ℘ ∈ H. Then L = K(λ a ). Remark 2.6. We can replace the lower bound of δ(H) in (12) by an absolute lower bound that only depends on a. Indeed, following the first part of the proof of Theorem 2.2, we know that L = K(λ a , h). Note that this follows directly from the fact that L is the splitting field of the polynomial C a (x)−m ∈ K[x] over K. By [12, Theorem 12.3 .16], we know that λ a is a root of the a-th cyclotomic polynomial
. We also know from [12, Theorem 12.3.16 ] that the degree of Φ a (x) is φ(a), where φ(a) is the number of nonzero polynomials in A of degree less than deg(a) and relatively prime to a. Since the polynomial C a (x) − m ∈ K[x] is of degree q deg(a) and C a (h) = m, we deduce that
and therefore
We see from the above inequality that if δ(H) > 1 − 1 φ(a)q deg(a) , then the condition (12) follows trivially.
Proof of Theorem 2.5. We maintain the same notation as in the proof of Theorem 2.2. As noted in Remark 2.3, a crucial ingredient in the proof of Theorem 2.2 is the use of Tchebotarev density theorem to prove that
Looking closely at the proof of Theorem 2.2, we see that once we establish (13), then it follows immediately that L = K(λ a ). Hence it suffices to verify (13).
, where Ψ is the injective homomorphism defined by (2) . Since Ψ is injective, we see from the definition of Ψ that ψ(λ) = C 1 (λ a ) = λ a and ψ(h) = C u (λ a ) + h. Let C ψ be the conjugacy class of ψ in Gal(L/K). Since ψ ∈ C ψ , we see that Card(C ψ ) ≥ 1. Let B ψ be the set defined by
K is the set of all primes of K that are unramified in L. We prove that H ∩ B ψ = ∅. Assume the contrary, that is, H ∩ B ψ = ∅. Then
On the one hand, we see that δ(H ∪ B ψ ) ≤ δ(P K ) = 1, where P K denotes the set of all primes in K. On the other hand, since Card(C ψ ) ≥ 1, we deduce from Theorem 2.4 that
which is a contradiction to (14). Therefore H ∩ B ψ = ∅, and it thus follows that there exists a prime q in K such that q ∈ H, q is unramified in L and the Frobenius automorphism (B/q, L/K) equals ψ for some prime B in L lying above q.
By assumption, we know that there exists an element x q in the completion K q of K such that C a (x q ) = m. Repeating the same arguments as in the proof of Theorem 2.2, we see that
From the above equation, one can follow the arguments in the proof of Theorem 2.2 to prove that C u (λ a ) = 0, and thus u = 0. Therefore (13) holds, and as remarked in the first paragraph of this proof, we deduce immediately that L = K(λ a ).
The following result follows immediately from Remark 2.6. Corollary 2.7. We maintain the same notation as in Theorem 2.2. Let H be a set of primes in K such that the Dirichlet density of H satisfies
Assume that the equation C a (x) = m has a solution x ℘ in the completion K ℘ for each prime ℘ ∈ H. Then L = K(λ a ).
By the above corollary, we obtain a Carlitz module analogue of the Grunwald-Wang theorem in the case that K contains a generator of the A-module Λ a . Corollary 2.8. We maintain the same notation as in Theorem 2.2. Assume that K contains a generator λ ⋆ of the module Λ a . Let H be a set of primes in K such that the Dirichlet density of H satisfies
Then the equation C a (x) = m has a solution x K in K if and only if it has a solution x ℘ in the completion K ℘ of K for every prime ℘ ∈ H.
Proof. If C a (x) = m has a solution x K in K, then it is obvious that it is locally solvable at every prime of K.
If C a (x) = m is locally solvable at every prime in H, we deduce from Corollary 2.7 that L = K(λ a ). Since λ ⋆ , λ a are generators of Λ a , it follows that L = K(λ a ) = K(λ ⋆ ) = K. Since L is the splitting field of the polynomial C a (x) − m ∈ K[x] over K, we deduce that all solutions to the equation C a (x) = m belong to K.
Remark 2.9. It is known (see [9, Chapter 12] ) that a generator of the A-module Λ a is a function field analogue of a primitive a-th root of unity in the number field setting. It is well-known (see [1] , [2] , [3] , [9] , and [10] ) that the map x → C a (x) with a ∈ A is a Carlitz module analogue of the map x → x a with a ∈ Z in the number field setting. Thus Corollary 2.8 is a Carlitz module analogue of the classical Grunwald-Wang theorem in the case that K contains a generator of the A-module Λ a . For an account of a similar result in the number field setting, see [5, Theorem 1.1, Chapter VIII].
3. An analogue of the Grunwald-Wang theorem for certain Galois extensions K/k
In this section, we prove a Carlitz module analogue of the classical Grunwald-Wang theorem for certain Galois extensions K/k. The following theorem is the main result in this section.
Theorem 3.1. We maintain the same notation as in Theorem 2.2. Assume that K is a Galois extension of k such that every prime P dividing a is unramified in L. Let H be a set of primes of K satisfying the following conditions:
(i) the Dirichlet density of H satisfies
Then the equation C a (x) = m has a solution x K in K if and only if it has a solution x ℘ in the completion K ℘ of K for every prime ℘ of K with ℘ ∈ H.
Proof. If C a (x) = m has a solution x K in K, then it follows immediately that C a (x) = m has a solution x ℘ in the completion K ℘ for every prime ℘ in K.
Suppose that C a (x) = m has a solution x ℘ in the completion K ℘ for each prime ℘ ∈ H. We will prove that the equation C a (x) = m has a solution x K ∈ K.
By assumption, we know from Corollary 2.7 that L = K(λ a ). Let h be an element in k alg such that C a (h) = m, and let S be the set defined by (1) in the proof of Theorem 2.2. Since a is a polynomial of positive degree, we can write a in the form
where ǫ is in F × q , the P i are distinct monic primes in A, and the e i are positive integers. For each 1 ≤ i ≤ n, set
We prove that for each 1 ≤ i ≤ n, there exists an element
We know from [9, Proposition 12.7] 
) is a Galois extension of k. Let q be a prime of K lying above (P i ) = P i A, and let Q be a prime of K(Λ P e i i ) lying above q. Let B be a prime of k(Λ P e i i ) lying below Q. Then B lies above (P i ).
We prove that q is totally ramified in K(Λ P e i i ). Let e(Q/q), e(q/(P i )) be the ramification indices of Q over q and q over (P i ), respectively. Let e(Q/B), e(B/(P i )) be the ramification indices of Q over B and B over (P i ), respectively. Let e(Q/(P i )) be the ramification index of Q over (P i ). We know from [9, Proposition 12.7] that the prime ideal (P i ) = P i A is totally ramified in the extension k(Λ P ). Hence e(Q/B) = 1, and we deduce that e(Q/q) = e(Q/q)e(q/(P i )) = e(Q/(P i )) = e(Q/B)e(B/(P i )) = e(B/(P i )) = φ(P ei i ). (18) We contend that the degree of K(Λ P e i i ) over K is less than or equal to φ(P ei i ). Indeed, let χ be a primitive generator of Λ P e i i
. We know from [12, Theorem 12.3.16 ] that χ is a root of the P ei i -th cyclotomic polynomial Φ P
Therefore it follows from (18) that
and hence
Thus q is totally ramified in K(Λ P e i i ). We now consider the equation
Let L i be the splitting field of the polynomial C P e i i (z) − m ∈ K[z] over K. Since the polynomial C P e i i (z) − m is separable, we see that L i is a Galois extension of K. We prove that the equation given by (19) has a solution z ℘ in the completion K ℘ for each prime ℘ ∈ H. Indeed take any prime ℘ ∈ H. We know that there exists an element 
Recall that we have shown that q is totally ramified in K(Λ P e i i ) and the prime Q lies above q. Let D(Q/q) ≤ Gal(K(Λ P e i i )/K) be the decomposition group of Q over q. Since q is totally ramified in K(Λ P e i i ), we deduce from (21) that
By assumption (ii) in the statement of Theorem 3.1, there exists an element x q in the completion K q such that C a (x q ) = m. Hence x q belongs to the set S, where S is the set given by (1) in the proof of Theorem 2.2. Thus x q = C bi (λ a ) + h for some element b i ∈ A with deg(b i ) < deg(a). We see that
and thus C ai (x q ) is a root of the polynomial C P
) is the splitting field of the polynomial C P e i (z) − m over K, we deduce that for each 1 ≤ i ≤ n. Set
We prove that x K belongs to K, and is a solution to the equation C a (x) = m. We first show that C ai (x K ) = m i for each 1 ≤ i ≤ n.
Take any integer 1 ≤ i ≤ n. By (24), there exists an element δ i ∈ A such that ǫ = b i + δ i P ei i . It thus follows from (25) and (17) that In particular, this implies that C ai (x K ) = m i ∈ K for every 1 ≤ i ≤ n.
By (17), we deduce that gcd(a 1 , a 2 , . . . , a n ) = 1, and thus there exist elements υ 1 , υ 2 , . . . , υ n in A such that υ 1 a 1 + υ 2 a 2 + . . . + υ n a n = 1.
Since C υi (x) ∈ k[x] ⊂ K[x] for every 1 ≤ i ≤ n, we deduce that
Furthermore since m 1 = C a1 (C b1 (λ a ) + h) is a solution to the equation C P e 1 1 (z) = m, we deduce that C a (x K ) = C P e 1 1 a1 (x K ) = C P e 1 1 (C a1 (x K )) = C P e 1 1 (m 1 ) = m, which proves that the equation C a (x) = m has a solution x K ∈ K. Thus our contention follows.
Let P K be the set of all primes in K. If H is a set of primes of K such that P K \ H is finite and H contains all primes of K that divide a, then H is of Dirichlet density 1. Hence we obtain the following result that is a special case of Theorem 3.1.
Corollary 3.2. We maintain the same notation as in Theorem 2.2. Assume that K is a Galois extension of k such that every prime P dividing a is unramified in K. Then the equation C a (x) = m has a solution x K in K if and only if it has a solution x ℘ in the completion K ℘ of K for all primes ℘ ∈ H, where H is a set of primes of K such that P K \ H is finite and H contains all primes of K that divide a.
